Motivated by a phenomenon of phase transition in a model of alignment of self-propelled particles, we obtain a kinetic mean-field equation which is nothing else than the Doi equation (also called Smoluchowski equation) with dipolar potential.
Introduction
Phase transition and large time behavior of large interacting oriented/rod-like particle systems and their mean field limits have shown to be interesting in many physical and biological complex systems. Examples are: paramagnetism to ferromagnetism phase transition near Curie temperature, nematic phase transition in liquid crystal or rod-shaped polymers, emerging of flocking dynamics near critical mass of self-propelled particles, etc.
The dynamics on orientation for self-propelled particles proposed by Vicsek et al [19] to describe, for instance, fish schooling or bird flocking, present such a behavior in numerical simulations. As the density increases (or as the noise decreases) and reaches a threshold one can observe strong correlations between the orientations of particles. The model is discrete in time and particles move at constant speed following their orientation. At each time step, the orientation of each particle is updated, replaced by the mean orientation of its neighbors, plus a noise term.
A way to provide a time-continuous version of this dynamical system, which allows to take a mean-field limit (and even a macroscopic limit), has been proposed by Degond and Motsch [6] . Instead of replacing the orientation at the next time step, they introduce a parameter playing the role of a rate of relaxation towards this mean orientation. Unfortunately the mean-field limit of this model does not present phase transition. In [11] , the first author of the present paper proved the robustness of the behavior of this model when this rate of relaxation depends on a local density. In particular, phase transition is still absent. However, when this parameter is set to be proportional to the local momentum of the neighboring particles, we will see that the model present a phenomenon of phase transition. This phenomenon occurs on the orientation dynamics, so we will only consider here the spatial homogeneous dynamics. A current joint work with Pierre Degond is dedicated to the study of this model when we take in account the space variable. It is left aside in the present paper, and a specific paper [5] is in progress on this subject.
The particular model is described as follows: we have N oriented particles, described by vectors ω 1 , . . . , ω N belonging to S, the unit sphere of R n , and satisfying the following system of coupled stochastic differential equations, for k ∈ 1, N :
The term (Id − ω k ⊗ ω k ) denotes the projection on the hyperplane orthogonal to ω k , and constrains the norm of ω k to be constant. The terms B k t stand for N independent standard Brownian motions on R n , and then the stochastic term (Id − ω k ⊗ ω k )dB k t represents the contribution of a Brownian motion on the sphere S to the model. For more details on how to define Brownian motion on a Riemannian manifold, see [12] . Without this stochastic term, equation (1) can be writteṅ
where ∇ ω is the tangential gradient on the sphere (see the beginning of Section 2.1 for some useful formulas on the unit sphere). So the model can be understood as a relaxation towards a unit vector in the direction of J k , subjected to a Brownian motion on the sphere with intensity √ 2σ. The only difference with the model proposed in [6] (in the spatial homogeneous case) is that J k is there replaced by νΩ k , where Ω k is the unit vector in the direction of J k and the frequency of relaxation ν is constant (or dependent on the local density in [11] ). One point to emphasize is that, in that model, the interaction cannot be seen as a sum of binary interactions, contrary to the model presented here. Here the mean momentum J k does not depend on the index k (but this is not true in the inhomogeneous case, where the mean is taken among the neighboring particles).
To simplify notations, we work with the uniform measure of total mass 1 on the sphere S. We denote by f N : R + × S → R + the probability density function (depending on time) associated to the position of one particle. Then, as the number N of particles tends to infinity, f N tends to a probability density function f satisfying
with
In the model of [6] 
, J[f ] is just replaced in (4) by ν Ω[f ], where Ω[f ] is the unit vector in the direction of J[f ].
The first term of Q(f ) can be formally derived using a direct computation with the empirical distribution of particles. And the diffusion part comes from Itô's formula. A rigorous derivation of this mean-field limit is outside the scope of the present paper, and is linked with the so-called "propagation of chaos" property. We refer to [18] for an introduction to this notion. The laboratory example given in this reference is the original model of McKean [15] which is a more general version of our system in R n instead of S (in that case, equation (3) is called McKean-Vlasov equation). The main point is to adapt the theory in the framework of stochastic analysis on Riemannian manifolds.
Notice that equation (3) can be written in the form
This equation is known as Doi equation (or Doi-Onsager, Smoluchowski, or even nonlinear Fokker-Planck equation) and was introduced by Doi [7] as gradient flow equation for the Onsager free energy functional:
This functional was proposed by Onsager [16] to describe the equilibrium states of suspensions of rod-like polymers. They are given by the critical points of this functional.
Defining the chemical potential µ as the first order variation of F (f ) under the constraint S f = 1, we get µ = σ ln f + Ψ, and the Doi equation becomes
In the original work of Onsager, the kernel has the form K(ω,ω) = |ω ×ω|, but there is another form, introduced later by Maier and Saupe [14] , which leads to similar quantitative results: K(ω,ω) = −(ω ·ω) 2 . In our case, the potential given by K(ω,ω) = −ω ·ω is called the dipolar potential. This is a case where the arrow of the orientational direction has to be taken in account.
One of the interesting behavior of the Doi-Onsager equation is the phase transition bifurcation. This is indeed easy to see (here with the dipolar potential) from the following linearization around the uniform distribution: if f is a probability density function, solution of (3), we write f = 1 + g, so S g dω = 0 and we can get the equation for g. We multiply the equation by ω and integrate, using the formula S ω ⊗ ω dω = 1 n Id (this is a matrix with trace one and commuting with any rotation) and the tools in the beginning of Section 2.1. We get the linearized equation for g and J[g]:
Therefore if we take the linear part of this system, we can solve the second equation directly, and the first one becomes the heat equation with a known source term. Finally, around the constant state, the linearized Doi equation is stable if σ 1 n , and unstable if σ < 1 n . We expect to find another kind of equilibrium in this regime. The work has been done in [9] for the dimension n = 3, the distribution obtained is called Fisher-Von Mises distribution [20] . As far as we know, this is the only work dealing with the dipolar potential alone.
A lot of work has been done to study the equilibrium states for the Maier-Saupe potential, and in particular to show the axial symmetry of these steady states. A complete classification has been achieved for the two and three-dimensional cases in [13] (see also [21] , including the analysis of stability under a weak external shear flow). The interesting behavior, besides the phase transition, is the hysteresis phenomenon: before a first threshold, only the anisotropic equilibrium is stable, then both anisotropic and uniform equilibria are stable, and after a second threshold, the only equilibrium is the uniform distribution. In the case of a coupling between the Maier-Saupe and the dipolar, it is shown in [23] that the only stable equilibrium states are axially symmetric. To our knowledge, less work has been done to study the dynamics of the Doi-Onsager equation, in particular the rate at which the solution converges to a steady-state.
The purpose of this paper is to give a rigorous proof of the phase transition in any dimension for the dipolar potential, and study the large time dynamics and the convergence rates towards equilibrium states.
In Section 2, we give some general results concerning equation (3) . We provide a self-contained proof for existence and uniqueness of a solution with initial nonnegative condition in any Sobolev space. We show that the solution is instantaneously positive and in any Sobolev space (and actually analytic in the space variable), and we obtain uniform bounds in time for each Sobolev norm.
In Section 3, we use the Onsager free energy (decreasing in time) to analyze the general behavior of the solution as time goes to infinity. We prove a kind of LaSalle principle, implying that the solution converges, in the ω-limit sense, to a given set of equilibria. We determine all the steady states, and see that the value 1 n is indeed a threshold for the noise parameter σ. Over this threshold, the only equilibrium is the uniform distribution. When σ < 1 n , two kinds of equilibria exist: the uniform distribution, and a family of non-isotropic distributions (called Fischer-Von Mises distributions), with a concentration parameter κ depending on σ.
Finally, in Section 4, we show that the solution converges strongly to a given equilibrium. We first obtain a new conservation relation, which plays the role of an entropy when σ 1 n , and shows a global convergence to the uniform distribution with rate proportional to σ − 1 n . Then we prove that, in the supercritical case σ < 1 n , the solution converges to a non-isotropic equilibrium if and only if the initial drift velocity |J[f 0 ]| is non-zero (if it is zero, the equation reduces to the heat equation, and the solution converges exponentially fast to the uniform distribution). We prove in that case that the convergence to this steady-state is exponential in time, and we give the asymptotic rate of convergence. Finally, in the critical case σ = 1 n , we show that the speed of convergence to the uniform distribution is algebraic (more precisely the decay in any Sobolev norm is at least
2 General results
Preliminaries: some results on the unit sphere
This subsection consists essentially in a main lemma, allowing to perform some estimates on the norm of integrals of the form S g∇ ω h, where h and g are real functions with mean zero. But let us start by some useful formulas. For V a constant vector in R n , we have:
where ∇ ω (resp. ∇ ω ·) stands for the tangential gradient (resp. the divergence) on the unit sphere. When no confusion is possible, we will just use the notation ∇.
Then, taking the dot product with a given tangent vector field A or multiplying by a regular function f and integrating by parts, we get
We then introduce some notations. We denote byḢ s (S) the subspace composed of mean zero functions of the Sobolev space H s (S). This is a Hilbert space, associated to the inner product g, h
s g, h , where ∆ is the Laplace-Beltrami operator on the sphere. This has also a sense for any s ∈ R by spectral decomposition of this operator. We will denote by · Ḣs the norm on this Hilbert space. We then define the so-called conformal Laplacian ∆ n−1 on the sphere (see [1] ) which plays a role in some Sobolev inequalities. This is a positive definite operator (pseudodifferential operator of degree n − 1, mapping continuouslyḢ s (S) intoḢ s−n+1 (S), which is a differential operator when n is odd) given by
Equivalently, it can be also defined by
Here is the main lemma.
Lemma 1.
Estimates on the sphere.
1. If h inḢ −s+1 (S) and g inḢ s (S), the following integral is well defined and we have
where the constant C depends only on s and n.
2. We have the following estimation, for any g ∈Ḣ s+1 (S):
3. We have the following identity, for any g ∈Ḣ
Let us make some remarks on these statements. The first one is just expressing the fact that the gradient operator (or more precisely any of its component e · ∇ for a given unit vector e) is well defined as an operator sendingḢ −s+1 (S) continuously intoḢ −s (S) for any s. The second one is actually a commutator estimate. It is equivalent to the fact that for any given unit vector e, and for any g, h ∈Ḣ s+1 we have
Defining the operator F by
and integrating by parts, this inequality becomes S h F g C g Ḣs h Ḣs . In other words, F sendsḢ s (S) continuously intoḢ −s (S) for any s. 
The proof of this lemma relies on some computations on spherical harmonics, and is given in Appendix A.1.
2.2 Existence, uniqueness, positivity, regularity.
We present here a self-contained proof of well-posedness of the problem (3), working in any Sobolev space for the initial condition. Some analogous claims are given in [4] , without proof, starting for a continuous nonnegative function. They are based on arguments of [2] , stating that the Galerkin method based on spherical harmonics converges (exponentially fast) to the unique solution. They are weaker with respect to the initial conditions and the positivity, but stronger for the regularity of the solution (analytic in space). As a remark we will give the same regularity results, and prove it in Appendix A.2.
is said to be a weak solution of (3) if for almost all t ∈ [0, T ], we have for all h ∈ H −s+1 (S)
where ·, · is the usual duality product for distributions on the sphere S.
Since it is sometimes more convenient to work with mean zero functions (in order to use the main lemma of the previous subsection), we reformulate this problem in another framework. We set f = 1 + g so that f is a weak solution if and only
with, for almost all t ∈ [0, T ], and for all h ∈Ḣ −s+1 (S),
That makes sense to look for a weak solution with prescribed initial condition in H s , since it always belongs to C([0, T ], H s (S)), as stated by the following proposition.
, then, up to redefining it on a set of measure zero, it belongs to C([0, T ],Ḣ s (S)), and we have
where the constant C depends only on T .
The proof in the case s = 0 is the same as in [8] , Thm 3, §5.9.2. To do the general case, we apply the result to (−∆) s 2 g. Theorem 1. Given an initial probability measure f 0 in H s (S), there exists a unique weak solution f of (3) such that f (0) = f 0 . This solution is global in time (the definition above is valid for any time T > 0). Moreover, f ∈ C ∞ ((0, +∞) × S), with f (t, ω) > 0 for all positive t.
We also have the following instantaneous regularity and uniform boundedness estimates (for m ∈ N, the constant C depending only on σ, m, s), for all t > 0:
The proof consists in several steps, which we will treat as propositions. We first use a Galerkin method to prove existence on a small interval. We then show the continuity with respect to initial conditions on this interval (and so the uniqueness). Next, we prove the positivity of 1 + g for regular solutions. This gives us a better estimate of J[g]. Repeating the procedure on the following small interval, and so on, we can show that this extends to any t > 0. Regularizing the initial condition give then global existence in any case.
We finally obtain the instantaneous regularity and boundary estimates by decomposing the solution between low and high modes.
For the proof of all propositions, we will denote by C 0 , C 1 , . . . some positive constants which depends only on s and σ. We will also fix one parameter K > 0 (which will be a bound on the norm of initial condition), and denote by M 0 , M 1 , . . . some positive constants which depends only on s and σ, and K. Proposition 2.2. Existence: Galerkin method.
We set
where the constant C 1 and C 2 will be defined later. If g 0 Ḣs K, then we have existence of a weak solution on
Proof. We denote by P N the space spanned by the first N (non-constant) eigenvectors of the Laplace-Beltrami operator. This is a finite dimensional vector space, included inḢ p (S) for all p, and containing the functions of the form ω → V · ω (see Appendix A.1 for more details).
Let g N ∈ C 1 (I, P N ) be the unique solution of the following Cauchy problem, defined on a maximal interval I ⊂ R + ("non-linear" ODE on a finite dimensional space):
where Π N is the orthogonal projection on P N . The first equation is equivalent to the fact that for any h ∈ P N , we have
The goal is to prove that [0, T ] ⊂ I and that there exists an extracted sequence N k such that, as k → ∞,
We have that (−∆) s g N ∈ P N , so we can take it for h, put it in (15) and use the second part of Lemma 1 to get:
Indeed, any component of ω belongs to anyḢ
Solving this inequality, we obtain for 0 t < C −1
Then we have g
There is no finite-time blow up in [0, T ], then the ODE (15) has a solution on [0, T ], for any N ∈ N. Now we denote by M 0 a bound for
Solving this inequality, we get for
We then use the ODE (15) and this estimate to control the derivative of g.
, and integrating the equation in time, we get
. Now, we just need estimates for
We can take h = ω · V in the ODE (15) and use the tools given in the beginning of this section. We get
Then, using weak compactness and the Ascoli-Arzela theorem, we can find an increasing sequence
, and a continuous function J :
The limit g is also bounded by
For a fixed h ∈ P M passing the weak limit in (15) 
And this is valid for any M (except on a countable union of subsets of [0, T ] of zero measure). By density (and using the first part of Lemma 1), we have that g is a weak solution of our problem.
Now for any h ∈Ḣ −s+1 (S), we have that g
, uniformly in N. So, passing the limit, we get that g(t) → g 0 inḢ −s+1 (S) as t → 0. But since we know that g ∈ C([0, T ], H s (S)), by uniqueness, we get g(0) = g 0 . Proposition 2.3. Continuity with respect to the initial condition.
Set (14) . Suppose we have two solutions g and g, with g(0) Ḣs K and g(0) Ḣs K.
Then there exists a constant
This automatically gives uniqueness of a weak solution on (0, T ) with initial condition g 0 .
in (13), we do the same estimations as in the previous proposition. We have the same estimate as (16)- (17):
So if we set
, we can solve this inequality on [0, T ], exactly as in (18) . These solutions are then uniformly bounded in
Taking u = g − g, and using (13) gives an equation for u:
Now we take h = (−∆) s u and use the first and second parts of Lemma 1 to get
Grönwall's lemma gives then the following estimate:
. is enough) so that the (unique) solution belongs to
Here T is defined as in (14) , with K = g 0 Ḣs . We go back to the original formulation f = 1 + g. Then f is a classical solution of (3).
If f 0 is nonnegative, then f is positive for any positive time, and more precisely we have the following estimates, for all t ∈ (0, T ] and ω ∈ S (if f 0 is not equal to the constant function 1):
, we can do the reverse integration by parts in the weak formulation (12) . We get that, as an element of
. So up to redefining it on a set of measure zero, the function f belongs to
, and satisfies the partial differential equation.
Applying the chain rule and using the tools given in the beginning of this section, we get another formulation of the PDE (3):
The next part of the proposition is just a classical strong maximum principle. We only prove here the left part of the inequality, the other part is very similar, once we have that f is positive.
Suppose first that f 0 is positive. We denote by T > 0 the first time such that the minimum on the unit sphere of f is zero (or T = T if f is always positive).
Then we have for
Then the weak maximum principle (see [8] , Thm 8, §7.1.4, which is also valid on the sphere) gives us that the minimum of f on [0, T ] × S is reached on {0} × S. That means that we have a non-strict version of the left part of the inequality (23):
Consequently, we have that min S f ( T ) > 0 and so T = T . If now f 0 is only nonnegative, take f
, and by continuity with respect to initial condition, inequality (26) is still valid. That gives that f is nonnegative on [0, T ], and consequently we have that inequality (25) 
Now we can use the strong maximum principle (see [8] , Thm 11, §7.1.4), which gives that if the inequality (26) is an equality for some t > 0 and ω ∈ S, then f is constant on [0, t] × S. So f 0 is the constant function 1.
Proposition 2.5. Global existence, positivity. Suppose f 0 is a probability measure belonging to H s (S) (this is always the case for s < − n−1 2
, according to Sobolev embeddings). Then there exists a global weak solution of (3), which remains a probability measure for any time.
We remark that the uniqueness of the solution on any time interval remains by Proposition 2.3.
Proof. We first prove this proposition in the case s > n+3 2 . We define a solution by constructing it on a sequence of intervals. We set
, as in (14) . This gives existence to a solution g
which gives existence to a solution g ∈ C([T k , T k+1 ],Ḣ s (S)). So we have a solution on [0, T ], provided that T T k for some integer k. Now by the previous proposition, this solution f = 1 + g is nonnegative. We
Then we can do better estimates, starting from (19):
Then, Grönwall's lemma gives us that g(T k ) Ḣs g 0 Ḣs e C 8 T k . Suppose now that the sequence (T k ) is bounded, then g(T k ) Ḣs is also bounded. By the definition of T k+1 , the difference T k+1 − T k does not tend to zero, which implies that the increasing sequence (T k ) is unbounded, and this is a contradiction. So we have that T k k→∞ → ∞, and the solution is global in time. Then we have the same estimates as before, since we still have |J[g]| 1, solving (27) gives
So we can now study the difference u = g k − g j , as in (21), (22), which satisfies, for any h ∈Ḣ −s (S),
We take h = (−∆) s u and use the first and second part of Lemma 1 to get
If we fix T > 0, Grönwall's lemma gives then the following estimate:
) by a constant C T times u(0) Ḣs . This gives that g k is a Cauchy sequence in that space, and then it converges to a function g, which is a weak solution of our problem (by Proposition 2.1, we have that g(0) = g 0 ). This is valid for any T > 0, so this solution is global.
If we take ϕ in
is a positive function with mean 1, we have that
Then passing the limit gives | g(t), ϕ | ϕ ∞ . Furthermore we have f k (t), 1 = 1 so f (t), 1 = 1, and if ϕ is a nonnegative function, then f k (t), ϕ 0 and we get f (t), ϕ 0. This gives that f (t) is a positive radon measure with mass 1, which is a probability measure. Proposition 2.6. Instantaneous regularity and boundedness estimates. If f 0 is a probability measure, then the solution f belongs to C ∞ ((0, +∞) × S), is positive for any time t > 0, and we have the following estimates, for all s ∈ R and m 0:
where the constant C depends only on σ, s, and m. In particular we have that for t 0 > 0, f is uniformly bounded on
, for all T > s so by uniqueness it is equal to f . Then f belongs to C([t, +∞), H s+1 (S)). Since this is true for all t > 0, then f belongs to C((0, +∞), H s+1 (S)). We can repeat this argument and have that f belongs to C((0, +∞), H p (S)) for any p, and is a positive classical solution, by Proposition 2.4. Using the equation, differentiating in time gives that it is also in C k ((0, +∞), H p (S)) for any p and any k, so, by Sobolev embeddings, it is a C ∞ function of (0, +∞) × S. Since we have positivity, we can have estimates for any of the modes of f = 1+g. Let us denote f N the orthogonal projection of f on the N first eigenspaces of the Laplacian, and g N = f − f N the projection on the other ones (high modes). We have a Poincaré inequality on this space: g
(we recall that the eigenvalues of −∆ are given by ℓ(ℓ + n − 2) for ℓ ∈ N). We use the estimate (19):
(30) Now we have, since f is a probability measure, that
the last inequality being the equivalence between norms in finite dimension. Dividing by this last norm, this gives that the low modes of f are uniformly bounded in time by a constant K N . Then we have, taking N sufficiently large,
Now multiplying by t this formula at order s + 1, we get
, and finally
Together with Poincaré inequality, solving this inequality gives us
So we have the result for f 
Then we apply this inequality between 0 and t 2
, and the inequality at order m between t 2 and t to get the result at order m+1. The case where m is any nonnegative real also works, by interpolation. This last proposition ends the proof of Theorem 1. Let us do here two small comments concerning the analyticity of the solution and the limit case with no noise: σ = 0.
Remark 2.1. Analyticity of the solution. We can show, as claimed in [3] , [4] that at any time t > 0 the solution is analytic in the space variable. The idea is to show, following [4] (based on [2] , [10] ), that the solution is in some Gevrey class of functions, defined by a parameter depending on time. This class is a subset of the set of real analytic functions on the sphere. More details and a complete proof are given in Appendix A.2. We could have directly dealt with this classes of functions instead of working in the Sobolev spaces, but we will not need these properties of analyticity in the following. In any case, to prove analyticity we need the initial condition to be in H − n−1 2 (S), so this study of instantaneous regularization was necessary.
Remark 2.2. Case where σ = 0: no noise. The proof is also valid, except that the solution belongs to
. By an optimal regularity argument, we can get that a solution is in fact in C([0, T ], H s (S)). The nonnegativity argument is then also valid, and so the solution is global. Obviously, we do not have the instantaneous regularity and boundedness estimates.
Using the free energy
In this section, we derive the Onsager free energy (6) for Doi equation (3), and use it to get general results on the steady states.
Free energy and steady states
We rewrite the equation (3):
Since any solution is in C ∞ ((0, +∞) × S), and positive for any t > 0, there is no problem with using ln f , and doing any integration by parts. We multiply the equation by σ ln f − ω · J[f ] and integrate by parts, we get
Since the left part can be recast as a time derivative, this is a conservation relation. We define the free energy F (f ) and the dissipation term D(f ) by
and we have the following conservation relation:
We define a steady state as a (weak) solution which does not depend on time. Here are some characterizations of the steady states.
Proposition 3.1. Steady states. The steady states of Doi equation (3) are the probability measures f on S which satisfy one of the following equivalent conditions.
3. The probability density f ∈ C 0 (S) is positive and a critical point of F (under the constraint of mean 1).
There exists
Proof. By definition, a steady state f is a solution independent of t. Since it is a solution, it is positive and C ∞ , and we get that Q(f ) = 0. By the conservation relation (33), we get that
Now we do a variational study of F around f . We take a small perturbation f +h of f which remains a probability density function (which means that S h = 0).
We can expand the function x → x ln x around f , since f ε > 0, and we have
which means that f is a critical point of F . So f satisfies the four conditions. Conversely if f ∈ C 2 (S) and Q(f ) = 0, then f is obviously a steady-state.
2 (S) and Q(f ) = 0. We will show that the second and third conditions reduce to this fourth condition.
Doing the above computation around a positive f ∈ C 0 (S) gives that if f is a critical point for the free energy, then S h(σ ln f − J[f ] · ω) is zero for any h with mean zero. This is exactly saying that
Finally if we suppose f ∈ C 1 (S) and D(f ) = 0, at any point ω 0 ∈ S such that f (ω 0 ) > 0 we have that ∇(σ ln f − J[f ] · ω) = 0 on a neighborhood of ω 0 .
The function ϕ defined by ϕ(ω) = σ ln f − J[f ] · ω is then locally constant at any point where it is finite, so ϕ −1 ({C}) is open in S for any C ∈ R. Now if ϕ(ω k ) = C, with ω k converging to ω ∞ , then f (ω k ) = exp(
). Passing to the limit, we get that f (ω ∞ ) = exp(
), which gives ϕ(ω ∞ ) = C. So ϕ −1 ({C}) is closed. Since f is not identically zero, there exists C ∈ R such that ϕ −1 ({C}) = ∅, and by connectedness of the sphere, we get ϕ
LaSalle principle
We give here an adaptation of LaSalle's invariance principle to our PDE framework.
Proposition 3.2. LaSalle's invariance principle. Let f 0 be a probability measure on the sphere S. We denote by F ∞ the limit of F (f (t)) as t → ∞, where f is the solution to Doi equation (3) with initial condition f 0 . Then the set E ∞ = {f ∈ C ∞ (S) s.t. D(f ) = 0 and F (f ) = F ∞ } is not empty. Furthermore f (t) converges in any H s norm to this set of equilibria (in the following sense): lim
Proof. First of all F (f (t)) is decreasing in time, and bounded below by − 1 2 , so F ∞ is well defined.
Let (t n ) be an unbounded increasing sequence, and suppose that f (t n ) converges in H s (S) to f ∞ for some s ∈ R. We first remark that f (t n ) is uniformly bounded in H s+2p (S) (using Theorem 1), and then by a simple interpolation estimate we get that Ḣs+2p , and f (t n ) also converges in H s+p (S). So f ∞ is in any H s (S). We want to prove that D(f ∞ ) = 0. Supposing this is not the case, we write
Now we take s sufficiently large such that
If f ∞ is positive, then D, as a function from the nonnegative elements of H s (S) to [0, +∞], is continuous at the point f ∞ . In particular since D(f ∞ ) > 0, there exist δ > 0 and M > 0 such that if f − f ∞ H s δ, then we have D(f ) M. We want to show the same result in the case where f ∞ is only nonnegative. We define
We have that by monotone convergence that
So there exists ε > 0 such that D ε (f ∞ ) > 0. Now by continuity of D ε at the point f ∞ , we get that there exists δ > 0 and
And the fact that D(f ) D ε (f ) gives the same result as before. Now since ∂ t f is uniformly bounded in H s (for t t 1 > 0), there exists τ > 0
. We take then N sufficiently large such that f (t n ) − f ∞ H s δ 2 for all n N. Then we have that for n N, D(f ) M on [t n , t n + τ ]. Up to extracting, we can assume that t n+1 t n + τ , so we have
Since the left term is bounded by F (f (t N )) − F ∞ , taking p sufficiently large gives the contradiction. Now if we suppose that for a given s the distance (in H s norm) between f (t) and E ∞ does not tend to 0, we get ε > 0 and a sequence t n such that for all g ∈ E ∞ , we have f (t n ) − g H s ε. Since f (t n ) is bounded in H s+1 (S), by a compact Sobolev embedding, up to extracting we can assume that f (t n ) is converging in H s (S) to f ∞ . By the previous argument f ∈ C ∞ (S) and we have D(f ∞ ) = 0. Obviously since F (f ) is decreasing in time we have that F (f ∞ ) = F ∞ . So f ∞ belongs to E ∞ , and then f (t n ) − f ∞ H s ε for all n. This is a contradiction.
Since the distance between f (t) and E ∞ tends to 0, obviously this set is not empty.
Computation of equilibria
Define, for a unit vector Ω ∈ S, and κ 0 the Fisher-Von Mises distribution with concentration parameter κ and orientation Ω by
Note that the denominator depends only on κ. We have that the density of M κΩ is 1, and the flux is
where
cos θ e κ cos θ sin n−2 θ dθ π 0 e κ cos θ sin n−2 θ dθ .
If f is an equilibrium, σ ln f − J[f ] · ω is constant, and then f = C exp(σ −1 J[f ] · ω). Since f is a probability density function, we get f = M κΩ with κΩ = σ −1 J[f ] (in the case where |J[f ]| = 0, then κ = 0 and we can take any Ω, this is just the uniform distribution). Finally with (36) we get J[f ] = c(κ)Ω, which gives the following compatibility condition c(κ) = σκ.
We give the solutions of this equation in a proposition. , there is only one solution to the compatibility condition: κ = 0. The only equilibrium is the constant function f = 1.
• If σ < 1 n , the compatibility condition has exactly two solutions: κ = 0 and one unique positive solution, that we will denote κ(σ). Apart from the constant function f = 1 (the case κ = 0), the equilibria form a manifold of dimension n − 1: the functions of the form f = M κ(σ)Ω , where Ω ∈ S is an arbitrary unit vector. . Since the function σ tends to 0 as κ → +∞ (because c(κ) 1), it is sufficient to prove that it is decreasing. Indeed the function is then a one-to-one correspondence from R * + to (0, 1 n ), and the compatibility condition for κ > 0 is exactly solving σ = σ(κ). But we have (after one integration by parts) that σ
2 ), which, by the following lemma is negative for κ > 0.
Lemma 2. Define β = c(κ)
2 + n σ(κ) − 1. Then for any κ > 0, we have β > 0.
Then we have by definition β = κ[cos θ]
. So we only have to show that the numerator is positive. We will prove in fact that the Taylor expansion of this term in κ has only positive terms. We have, if we denote
Now doing an integration by part in the definition of a p+1 , we get
We have, for κ > 0,
So we finally get
which gives that β > 0 when κ > 0.
Remark 3.1. We can do another proof, following an argument of [22] , which does not need to compute explicitly β.
The idea is that we compute σ ′′ = (n − 1)
, so we see (except in the case κ = 0) that if σ ′ = − β κ = 0, then σ ′′ < 0 (indeed, we will easily see in (45) that σ − β is positive). For the case κ = 0, we can compute the Taylor expansion of σ up to order 2:
. So we have that any critical point of σ is a maximum. Since there is a local maximum at κ = 0 then the function is decreasing.
We can have an asymptotic expansion of the order parameter c(κ(σ)) as σ reaches the critical value 1 n . Indeed we have that σ −
2 by the expansion of σ in the previous remark. So • If σ < 1 n , the minimum of the free energy is negative, only reached by any non-isotropic equilibrium M κ(σ)Ω .
Proof. By LaSalle principle (Proposition 3.2), we have that
F (f ).
Indeed for any positive initial condition
Since the set of equilibria is compact (either a single point or one point and a manifold homeomorphic to S), this infimum is a minimum. Furthermore, if f 0 is not an equilibrium, then D(f 0 ) > 0, and then F (f (t)) is decreasing in the neighborhood of t = 0. So the minimum of F cannot be reached for f 0 .
In the case σ 1 n , this gives the result since the only equilibrium is the constant function 1. By LaSalle principle, we also get that the solution is converging to in any H s norm. In the case σ < 1 n , we have that
2 for a fixed unit vector Ω ∈ S, so there exists f 0 such that F (f 0 ) < 0. Then the uniform distribution cannot be a global minimizer. Since F (M κ(σ)Ω ) is independent of Ω, we get that this value is the minimum.
Convergence to equilibrium
In this section, we establish and study the convergence of the solution to an equilibrium for any initial condition, in the three different regimes, depending wether σ is greater, less, or equal to In this section we derive a convex entropy, which shows global decay to the uniform distribution in the case σ > 1 n . We define onḢ
n−1 g, where the conformal Laplacian ∆ n−1 is defined by (7) . This norm is equivalent to · Ḣ − n−1 2 . We also define ·
n−1 g, and this norm is equivalent to the · Ḣ − n−3 2 norm.
Taking h = ∆ −1 n−1 g in the weak formulation (13), and using the last part of Lemma 1, we obtain a conservation relation:
We remark that this is a conservation law between quadratic quantities, as it would be the case for a linear equation.
Since the component of g on the space of spherical harmonics of degree 1 is given by nω · J[g], a simple computation shows that the contribution to g . Together with the Poincaré inequal-
, we get the following estimate:
This gives in the case σ > 1 n an exponential decay of rate (n − 1)(σ − 1 n ) for the norm ·
In the general case, if f 0 ∈ H s (S) with s > − n−1 2
, we use the estimate (30):
Now we have, since f is a probability measure,
the first inequality being the equivalence between norms in finite dimension. For any ε < 1 n , taking N sufficiently large, together with Poincaré inequality we get
where the constant C depends only on s.
Solving this equation, we get
Taking for example ε = 1 2n
, since s > − n−1 2
, we get
In summary, we have the following theorem: Theorem 2. New entropy. For a given probability density function f , we define the quantities
We have a conservation relation, for any solution f of Doi equation (3):
When σ , we have global exponential decay of the solution to the uniform distribution, with rate given
More precisely there is a constant C depending only on s such that for all initial condition f 0 ∈ H s (S), we have
Let us do a small remark here. Actually this conservation relation is true for any solution, without any positivity condition. We only need the mean of f to be 1. And since we have existence and uniqueness in small time for any initial condition, with the same instantaneous regularity results (only valid for a short time existence), we get that the solution belongs to H − n−1 2 (S) at some time. But the conservation relation gives then that we have a global solution. So we can state a stronger theorem of existence and uniqueness: Theorem 3. Given an initial condition f 0 in H s (S) (not necessarily nonnegative), there exists a unique weak solution f of (3) such that f (0) = f 0 . This solution is global in time (the definition 2.1 is valid for any time T > 0). Moreover, f is a classical solution, belonging to C ∞ ((0, +∞) × S) (and even analytic in space, see Appendix A.2).
Remark 4.1. In this case, we do not have any uniform bound on H s (S), and we can derive the same existence theorem for the case σ = 0 (see Remark 2.2), but only for the case s − n−1 2 (which does not include all radon signed-measures). Another remark is that if we change the sign in front of the alignment term in Doi equation (3) (taking K(ω,ω) = ω ·ω, every particle tends to go away from the mean direction), then we can derive a conservation relation in the same way. But here we have global exponential decay of the solution to the uniform distribution, with rate (n − 1)σ.
Study of the supercritical case σ < 1 n
In this section, we fix σ < 1 n and we study the behavior of a solution as t → +∞. We will write κ for κ(σ) and c for c(κ(σ)). We first establish that the limit set of equilibria E ∞ given by LaSalle principle (Proposition 3.2) depends only on the fact that J[f 0 ] is zero or not.
consists in all the non-isotropic equilibria. Furthermore, we have for any s ∈ R,
is the mean direction of f (t).
Proof. First of all, we write the equation for J[f ], multiplying equation (3) and integrating on the sphere. We get
which can be viewed as a first order linear ODE of the form
The matrix M is a smooth function of time, so we have a global unique solution. Consequently, if J[f (t 0 )] = 0 for t 0 0, then we have J[f (t)] = 0, for all t 0, and equation (3) reduces to the heat equation. The distribution f has no component on the first eigenspace of the Laplace-Beltrami operator, and the second eigenvalue is 2n, so we have exponential decay with rate 2nσ in any H s norm. Now we suppose that J[f 0 ] = 0, so by the previous argument we have J[f (t)] = 0 for all t 0. There are two possibilities for the limiting set, either the uniform distribution, or the set {M κΩ , Ω ∈ S} (by Proposition 3.4, they do not have the same level of free energy).
In the first case, by LaSalle principle, f (t) converges to the uniform distribution.
for t sufficiently large. Taking ε sufficiently small, we get that |J[f ]| tends to infinity, which is a contradiction. So we have that E ∞ = {M κΩ , Ω ∈ S}. Now suppose that f (t) − M κΩ(t) H s does not tend to 0. We take t n tending to infinity such that f (t n ) − M κΩ(tn) H s ε > 0. By our LaSalle principle, there exists Ω n ∈ S such that f (t n ) − M κΩn H s → 0. Up to extracting, we can suppose that Ω n → Ω ∞ ∈ S, so f (t n ) → M κΩ∞ in H s (S). In particular we have that J[f (t n )] → c(κ)Ω ∞ , and then Ω(t n ) → Ω ∞ . Then M κΩ(tn) converges to M κΩ∞ , giving that f (t n ) − M κΩ(tn) H s → 0, which is a contradiction. Now we focus on the case J[f 0 ] = 0. We define Ω(t) as in the previous proposition, and we will expand the solution around M κΩ(t) . We first show the convergence in L 2 (S) to a given equilibrium, with exponential rate, assuming conditions on the initial data. Proposition 4.2. There exists an "asymptotic rate" r ∞ (σ) > 0 satisfying the following property.
Suppose that f (t)−M κΩ(t) H s is uniformly bounded on [t 0 , +∞) by a constant K, with s >
. Then for all r < r ∞ (σ), there exists Ω ∞ ∈ S and δ, C > 0,
The constants δ and C depend only on σ, s, K, and r. Moreover, as σ → 1 n , we have that r ∞ (σ) 2(n − 1)(
Proof. We first introduce some notations. When there is no confusion, we just write Ω for Ω(t), and we will always assume t t 0 . We write cos θ = ω · Ω. We denote by · M κΩ the mean of a function against the probability measure M κΩ .
We have the following identities (we recall, by Lemma 2, that β = c 2 + nσ − 1 is positive):
We can write f = (1 + h)M κΩ , then we have
So we can do an expansion of the free energy and its dissipation in terms of h. Since we know that M κΩ(t) is a critical point of F , we already know that the expansion of F ((1 + h)M κΩ ) − F (M κΩ ) will contain no term of order 0 and 1 in h. We get, using (31),
Using Sobolev embedding and interpolation, we have (writing C for a generic constant, depending only on σ, s, and K)
and f − M κΩ = hM κΩ , with M κΩ uniformly bounded below and above, we get that h . We get
So for all r < Λ κ β, if h 2 M κΩ is sufficiently small, we have D(f ) r(F (f )−F (M κΩ )). Using the conservation relation (42), there exists δ 0 > 0 (depending only on σ, s, K and r) such that if
Then we obtain, for all
and then, using the estimate (51), we get that for t
So if we take δ < δ 0 C 0 δ 0 , and we start with
Cδe −r(T −t 0 ) < δ 0 . So the inequality (52) holds for all t ∈ [t 0 , +∞).
It remains to prove that Ω(t) converges to some Ω ∞ , if we want to have strong convergence to a given steady state. This is possible using the ODE satisfied by Ω.
Indeed, we have
)Ω, and then
So applying Id − Ω ⊗ Ω to the ODE (44) gives an ODE for Ω, in terms of α and g. We get
Since (cos θ − c) cos θ ω M κΩ and cos θ ω M κΩ are parallel to Ω, we get that
, it is never zero, and we get (the notation C standing for a generic constant depending only on r, s, σ and K)
So we have exponential decay of dΩ dt with rate r, in particular Ω is converging to some Ω ∞ ∈ S. More precisely,
−r(t−t 0 ) .
Now we have that
from S to R is globally Lipschitz with a constant independent of ω ∈ S). So we get the final estimation:
So the proposition is true with r ∞ (σ) = Λ κ β > 0. By the estimate (49), we know that Λ κ (n − 1)e −2κ . And by the expansions of c and κ as σ → 1 n given in (40), we get that r ∞ (σ) 2(n − 1)(
By Proposition 4.1, we have that f (t) − M κΩ(t) tends to zero in any H s (S). So the hypotheses of Proposition 4.2, for any r < r ∞ (σ), are satisfied for some t 0 > 0.
Once more, by interpolation and uniform boundedness on [t 0 , +∞) of the H p norm, we have
so taking p sufficiently large, we also get exponential convergence for the H s norm, with rate r(1 − δ) for any δ > 0.
Finally we have that for all r < r ∞ (σ) and s, there exists some time t 0 and C > 0 such that f − M κΩ∞ H s Ce −rt for t t 0 . We can even get rid of the constant C since for any r < r and t sufficiently large Ce First of all, we know by Proposition 3.4 that the solution converges (in any H s (S)) to the uniform distribution as time goes to infinity. The goal of this section is to estimate the speed of convergence to this equilibrium.
The constant δ depends only on σ, s, K, and C.
Proof. As in the previous section, we work on [t 0 , +∞). We write f = 1 + h and as in the previous case, we suppose that J[f 0 ] = 0. By the same argument used in Proposition 4.1, we have that J[f (t)] = 0 for all t > 0, so we define Ω(t) as the unit
. Similarly we denote · for the mean of a function on the unit sphere and cos θ for ω · Ω.
We have h = 0. Since Ω is the direction of J[f ] = (1 + h)ω = hω , we get that hω = h cos θ Ω.
We perform an expansion of the free energy and its dissipation in terms of h. We get, using (31) and taking σ = 1 12
We finally get ∞ . By Sobolev embedding and interpolation, as in the previous section, we have
. Since α is controlled by h H s , using the definition (53) of g, we have a bound for g H s on [t 0 , +∞), depending only on s and K. We finally get g
So using (54) and (55), we get that for any ε > 0, there exists δ > 0 such if h L 2 δ, we have
From that, up to take a smaller δ, we obtain
We now estimate the dissipation term. We use the definition (32) of D(f ) and the Poincaré inequality to get:
We have
We compute,
As before, we get that α g ∞ . Using (56), we get g = 1. So using (59) and (60), up to take a smaller δ, we have, for h L 2 δ,
Now for any C, C ′ > 0, if we take α and g sufficiently small (so again up to take a smaller δ), we have that C g 2 + α
Putting this together with (57) and the conservation relation (42), we get that for any 0 < ε < 1, there exists δ 0 > 0 such, as soon as h L 2 δ 0 , we have
Then we obtain, for all T such that h L 2 δ 0 on [t 0 , T ],
Then, using (58), we get that for t
We write C = (1+ε) 5 4 (1−ε) 3 4 (a one-to-one correspondence between 0 < ε < 1 and C > 1)
and we get
So if we take δ < min(δ 0 ,
Otherwise, the largest of such a T would satisfy
So the inequality (62) holds for all t ∈ [t 0 , +∞), which ends the proof.
With this proposition, since f tends to the uniform distribution in any H s (S), we get that for any r <
, there exists t 0 such that we have
, for t t 0 . We can even get rid of the t 0 in this inequality since for any r < r < 2(n−1) n(n+2) , for t sufficiently large, we have
As in the previous section, using interpolation to deal with the other Sobolev norms of the solution would lead, for any η > 0 and t sufficiently large, to an inequality of the form
+η . But we can actually do slightly better. Indeed we have, following the notations of the proof and using (53),
We have cos θ H p = (n − 1) p 2 . We take t 0 > 0 satisfying the conditions of the proposition and such that h L 2 δ. We have that g is uniformly bounded in any H p (S), and so by interpolation, we have g
L 2 for any η > 0. Now using (61) and (57), we get
. So finally, for any η > 0, we
). This gives that there exists t 1 t 0 such that for all t t 1 , we have h H p (1+ε)(n−1)
. This is true for any ε > 0. In conclusion, we have that for any r < 
Then the results in the case σ < 1 n and σ = 1 n are a summary of the conclusions of the two previous subsections. However, although it gives a clear understanding of how fast the solution converges to the equilibrium, in some sense, this summary is not as accurate as Propositions 4.2 and 4.3, which give a kind of stability: starting close to an equilibrium, the solution stays close.
Conclusion
In this paper, we have investigated all the possible dynamics in large time for the DoiOnsager equation (3) with dipolar potential. We have obtained a rate of convergence towards the equilibrium given any initial condition and any noise parameter σ > 0, for all dimension n 2.
The rate of convergence to the anisotropic steady state, in the case σ < 1 n , depends on a Poincaré constant which does not seem easy to estimate. A better knowledge of the behavior of this constant, for example as the noise parameter σ tends to zero, would be useful to understand the limiting case σ = 0, where we have existence and uniqueness of the solution. In this limit, the steady states are given by the sum of two antipodal Dirac masses (1 − α)δ Ω + αδ −Ω with Ω ∈ S and 0 α . We conjecture that if the initial condition is continuous (and with non zero initial momentum), then the solution converges to one of these steady states, with α = 0.
It should also be possible to get the same kind of rates for the Maier-Saupe potential, but there the classification of the initial conditions leading to a given type of equilibria is much more difficult, in particular in the case where two types of equilibria are stable.
which is an harmonic function (a function P such that ∆P = 0, where ∆ is the usual Laplace operator in R n ). We denote H (n) ℓ the set of spherical harmonics of degree ℓ on S n−1 (including 0 so they are vector spaces).
We know that the space of homogeneous polynomials of degree ℓ in n variables has dimension n+ℓ−1 n−1 (the number of n-tuples (i 1 , . . . i n ) of sum ℓ). Writing an arbitrary homogeneous polynomial P of degree ℓ under the form P = ℓ i=0 Q ℓ−i X i n , with the polynomials Q i being homogeneous of degree i in the first n − 1 variables, and imposing that P is an harmonic function gives the following conditions (taking the term in X i−2 n ), for i ∈ 0, ℓ − 2 : ∆Q ℓ−i + (i + 1)(i + 2)Q ℓ−i−2 = 0. Finally the polynomial P is only determined by the polynomials Q ℓ and Q ℓ−1 in n − 1 variables, of respective degrees ℓ and ℓ − 1. This gives the dimension of the space of spherical harmonics. The second expression comes from two successive applications of Pascal's triangle rule, and will be useful in the following. It can also be seen by the following property 1 : every homogeneous polynomial P of degree ℓ can be decomposed in a unique way as H +|X| 2 Q, where H is harmonic of degree ℓ and Q is homogeneous of degree ℓ−2. Iterating this decomposition, we get For a given unit vector e n ∈ R n , we take an orthonormal basis (e 1 , . . . , e n ) of R n . Any ω ∈ S n−1 \ {e n , −e n } can be written ω = cos θe n + sin θv, with θ ∈ (0, π) and v ∈ S n−2 . We identify R n−1 with the vector space spanned by (e 1 , . . . , e n−1 ). The special case n = 2 works if we consider S 0 = {e 1 , −e 1 }.
By convention, the only spherical harmonics on S 0 are the constant functions (of degree 0) and the functions e 1 → c, −e 1 → −c (of degree 1). Now, for n 1, we choose an orthonormal basis (Z is not defined for λ = 0, and so the only special case is n = 2, m = 0, for which we have a solution Q ℓ,0 = √ 2T ℓ , where T ℓ (cos θ) = cos ℓθ (the Chebyshev polynomial of first order of degree ℓ).
So for a fixed ℓ, we have constructed a family of spherical harmonics Y 
which is the dimension of H From now on, we will use the construction done in the proof. We have that, for a fixed m 0, the polynomials Q ℓ,m for ℓ m are a family of orthogonal polynomials for the inner product (P, Q) →
m−1+ n−1 2 dx. We will use three properties on the Gegenbauer polynomials (see [17] ) for the following, for i 0, λ = 0, and λ > − α Now we have all the tools to prove Lemma 1 (we recall it here). Lemma 1. Estimates on the sphere.
If h inḢ
−s+1 (S) and g inḢ s (S), the following integral is well defined and we have
